The concept of k-rainbow index rx k (G) of a connected graph G, introduced by Chartrand et al., is a natural generalization of the rainbow connection number of a graph. Liu introduced a parameter t(n, k, ℓ) to investigate the problems of the minimum size of a connected graph with given order and k-rainbow index at most ℓ and obtained some exact values and upper bounds for t(n, k, ℓ). In this paper, we obtain some exact values of t(n, k, ℓ) for large ℓ and better upper bounds of t(n, k, ℓ) for small ℓ and k = 3.
Introduction
All graphs considered in this paper are simple, finite and undirected. We follow the terminology and notation of Bondy and Murty [1] . For a graph, by size of it we mean number of its edges. Let G be a nontrivial connected graph with an edge-coloring c : E(G) → {1, 2, . . . , ℓ}, ℓ ∈ N, where adjacent edges may be colored the same. A path of G is a rainbow path if every two edges of the path have distinct colors. The graph G is rainbow connected if for every two vertices u and v of G, there is a rainbow path connecting u and v. The minimum number of colors for which there is an edge coloring of G such that G is rainbow connected is called the rainbow connection number, denoted by rc(G). Results on the rainbow connectivity can be found in [2, 4, 5, 8] .
These concepts were introduced by Chartrand et al. in [2] . In [3] , they generalized the concept of rainbow path to rainbow tree. A tree T in G is a Y. Zhao rainbow tree if no two edges of T receive the same color. For S ⊆ V (G), a rainbow S-tree is a rainbow tree connecting the vertices of S. Given a fixed integer k with 2 ≤ k ≤ n, the edge-coloring c of G is called a k-rainbow coloring if for every set S of k vertices of G, there exists a rainbow S-tree. In this case, we call G k-rainbow connected. The minimum number of colors that are needed in a k-rainbow coloring of G is called the k-rainbow index, denoted by rx k (G). Clearly, when k = 2, rx 2 (G) is nothing new but the rainbow connection number rc(G) of G. For every connected graph G of order n, it is easy to see that rx 2 (G) ≤ rx 3 (G) ≤ · · · ≤ rx n (G).
The Steiner distance d G (S) of a set S of vertices in G is the minimum size of a tree in G containing S. The k-Steiner diameter sdiam k (G) of G is the maximum Steiner distance of S among all sets S with k vertices in G. Then there is a simple upper bound and lower bound for rx k (G).
Observation 1 [3] . For every connected graph G of order n ≥ 3 and each integer
It is [3] shown that the tree is a class of graphs whose k-rainbow index attains the upper bound.
Proposition 2 [3] . Let T be a tree of order n ≥ 3. For each integer k with 3 ≤ k ≤ n, rx k (T ) = n − 1.
Chartrand et al. also showed that the k-rainbow index of the unicyclic graph is n − 1 or n − 2.
Theorem 3 [3] . If G is a unicyclic graph of order n ≥ 3 and girth g ≥ 3, then
Schiermeyer [11] introduced a parameter t(n, d) to investigate the rainbow connection. For integers n and d let t(n, d) denote the minimum size (number of edges) in d-rainbow connected graphs of order n. Since a network which satisfies our certain requirements and has as few links as possible can cut costs, reduce the construction period and simplify later maintenance, the study of this parameter is significant. Later, this parameter was investigated [7, 10] and was solved completely by Lo [10] . Motivated by the parameter t(n, d), Liu [9] introduced a new parameter to study the minimum size of a graph G such that G has a k-rainbow coloring using a fixed number of colors. Let t(n, k, ℓ) be the minimum size of a connected graph G of order n with rx k (G) ≤ ℓ, where 2 ≤ ℓ ≤ n − 1 and 2 ≤ k ≤ n. Clearly, t(n, k, 1) ≥ t(n, k, 2) ≥ · · · ≥ t(n, k, n − 1). Liu [9] got some exact values and some upper bounds for t(n, k, ℓ) when k and ℓ take specific values. In this paper, we obtain some exact values of t(n, k, ℓ) for large ℓ and better upper bounds of t(n, k, ℓ) for small ℓ and k = 3.
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Proof. Let H be a graph obtained from K 2,3 by subdividing n−5 edges. Then H has n vertices and n + 1 edges. Since rx 4 (K 2,3 ) = 3, it follows that, by Lemma 5, rx 4 (H) ≤ n−2. Thus t(n, 4, n−2) ≤ n+1. Conversely, if G is a tree or unicyclic, then by Proposition 2 and Theorem 3, rx 4 (G) = n−1. Thus t(n, 4, n−2) ≥ n+1. Therefore, t(n, 4, n − 2) = n + 1.
Proof. since t(n, n − 1, n − 2) ≤ 2n − 4 has been proved in [9] , we need to prove that t(n, n−1, n−2) ≥ 2n−4. To the contrary, suppose t(n, n−1, n−2) ≤ 2n−5. Assume that G is a connected graph with 2n − 5 edges and n − 2 colors. By the drawer principle, at least a color appears exactly once in G. Suppose a c 1 -edge is incident to the vertex x. Delete the vertex x from G, and the remaining graph G − x has n − 1 vertices but at most n − 3 colors, it follows that G − x has no rainbow tree, a contradiction.
From t(n, 3, n − 2) = n, t(n, 4, n − 2) = n + 1 and t(n, n − 1, n − 2) = 2n − 4, we believe that t(n, k, n − 2) = n + k − 3 for general k. In fact, this is true for general k.
Proof. Let H be a graph obtained from K 2,k−1 by subdividing n − k − 1 edges. Since rx k (K 2,k−1 ) = k − 1, it follows that, by Lemma 5, rx k (H) ≤ n − 2. As H has n vertices and n + k − 3 edges, we have t(n, k, n − 2) ≤ n + k − 3. Conversely, we need to prove that t(n, k, n − 2) ≥ n + k − 3. To the contrary, suppose t(n, k, n − 2) ≤ n + k − 4. Let G be a connected graph with n + k − 4 edges and n − 2 colors. Then at least n − k colors appears exactly once in G; otherwise, at most n − k − 1 colors appear exactly once and at least k − 1 colors appear at least twice in G, it follows that e(G) ≥ n − k − 1 + 2(k − 1) = n + k − 3, a contradiction. Delete n − k vertices incident to the edges colored with the n − k colors which appear exactly once, then the remaining graph has k vertices but at most n − 2 − (n − k) = k − 2 colors. Thus the remaining graph has no rainbow spanning tree, a contradiction.
Some Results for t(n, 3, ℓ)
In this section, we first focus on the case when ℓ is large.
Theorem 12. Let n ≥ 8 be an integer. Then t(n, 3, n − 4) = n + 1. Proof. Consider the graph G a in Figure 1 . Clearly, G a has 8 vertices, 9 edges and 4 colors. It is easily checked that G a is 3-rainbow connection, thus rx 3 (G a ) ≤ 4. Let H be a graph obtained from G a by subdividing n − 8 edges. Then by Lemma 5, rx 3 (H) ≤ 4 + (n − 8) = n − 4. Since H has n vertices and n + 1 edges, it follows that t(n, 3, n − 4) ≤ n + 1. Conversely, if G is a tree or a unicyclic graph, then by Proposition 2 and Theorem 3, rx 3 (G) is n − 1 or n − 2. So if G is a graph with rx 3 (G) = n − 4, then G has at least n + 1 edges and then t(n, 3, n − 4) ≥ n + 1. Therefore, t(n, 3, n − 4) = n + 1.
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Corollary 13. Let n ≥ 7 be an integer. Then t(n, 3, n − 3) = n + 1.
Proof. Consider the graph G b in Figure 1 . Clearly, G b has 7 vertices, 8 edges and 4 colors. It is easily checked that G b is 3-rainbow connection, thus rx 3 (G b ) ≤ 4 and t(7, 3, 4) ≤ 8. Let n ≥ 8. Since t(n, 3, n − 4) ≥ (n, 3, n − 3), it follows that t(n, 3, n−3) ≤ n+1 by Theorem 12. Conversely, if G is a tree or a unicyclic graph, then by Proposition 2 and Theorem 3, rx 3 (G) is n − 1 or n − 2. So if G is a graph with rx 3 (G) = n − 3, then G has at least n + 1 edges. Thus t(n, 3, n − 3) ≥ n + 1. Therefore, t(n, 3, n − 3) = n + 1.
Remark 14. For ℓ = n − 1 and ℓ = n − 2, Liu [9] got t(n, 3, n − 1) = n − 1 and t(n, 3, n − 2) = n. For n 2 ≤ ℓ ≤ n − 3, Liu [9] (see Theorem 2.11) got t(n, 3, ℓ) ≤ 2n − ℓ − 1, which implies t(n, 3, n − 3) ≤ n + 2, t(n, 3, n − 4) ≤ n + 3 and t(n, 3, n − 5) ≤ n + 4. In fact, we get the exact values of t(n, 3, n − 3) and t(n, 3, n − 4) in Theorem 12 and Corollary 13, respectively.
Theorem 15. Let n ≥ 11 be an integer. For each integer ℓ with
Proof. We consider two cases according to the parity of n and ℓ. and let
Y. Zhao n − ℓ + 1, we provide an edge-coloring c 1 : edges, it follows that t(n, 3, ℓ) ≤
. See G c in Figure 2 for an example with n = 13, ℓ = 7. . To show that rx 3 R n−ℓ+1 2 (3, 5, . . . , 5) ≤ n − ℓ + 1, we provide an edge-coloring
For any S ⊆ V R n−ℓ+1 . See G d in Figure 2 for an example with n = 11, ℓ = 6. Combining the above two cases, we have that t(n, 3, ℓ) ≤
Thus the upper bound in Theorem 15 is better than the one in [9] .
Theorem 17. Let n ≥ 17 and ℓ be integers with 9 ≤ ℓ ≤ Proof. We consider three cases according to ℓ ≡ ℓ ′ (mod 3).
. Let H * be a connected rainbow graph with 2t vertices and 3t edges, where 
Since other cases are similar, we omit them here. 
Case 2. ℓ ′ = 1. Set ℓ = 3t + 1. Let H * * be a connected rainbow graph with 2t vertices and 3t + 1 edges, which is obtained from H * by adding an edge v 1 v 3 where c(v 1 v 3 ) receives a new color. Take
copies of H * * and denote them by Figure 3 for an example with n = 15, ℓ = 10. Since the graph constructed in Case 1 is a spanning subgraph of the corresponding graph in Case 2, it follows that, by Lemma 4, every three vertices 2ℓ−7 . Similarly, since the graph constructed in Case 2 is a subgraph of the corresponding graph in Case 3, it follows that, by Lemma 4, every three vertices in Case 3 have a rainbow tree connecting them.
Combining the above three cases, we get t(n, 3, ℓ) ≤ ℓ 3n−3 2ℓ−3 .
Remark 18. For 9 ≤ ℓ ≤ n+1 2
, the upper bound in Theorem 17 is better than the one in [9] .
For small ℓ, Liu [9] just got exact values of t(n, 3, 3) for n = 3, 4, 5. Here we get upper bounds for t(n, 3, 3) when n ≥ 6.
Theorem 19. For an integer n with n ≥ 6, t(n, 3, 3) ≤ n 2 +2n−3 4
.
Proof. We consider two cases according to whether n is even or n is odd.
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G e G f Figure 3 . Graphs for Theorem 17.
Case 1. n is even. Let n = 2k for some integer k ≥ 3. Let G be a regular complete bipartite graph K k,k . Then e(G) = n 2 4 . By Theorem 6, rx 3 (G) = 3.
Case 2. n is odd. Let n = 2k + 1 for some integer k ≥ 3. Let G be a graph with V (G) = {u 1 , u 2 , . . . , u k , w 1 , w 2 , . . . , w k , x} and E(G) = {u i w j , u i x, w i x} for 1 ≤ i, j ≤ k. It is easy to get e(G) = . Define an edge-coloring c :
Now we show that c is a 3-rainbow coloring of G. Let S be a set of three vertices of G. By Case 1, we need to consider three possibilities when S contain x. If S = x, u i , u j , where i < j, then T = u i w i , u j w i , w i x is a rainbow S-tree; if S = x, w i , w j , where i < j, then T = u j w i , u j w j , w j x is a rainbow S-tree; if S = x, u i , w j , then T = u i x, w j x is a rainbow S-tree. Therefore,
Combining the above two cases, we have that t(n, 3, 3) ≤
Proof. We consider four cases, according to n ≡ n ′ (mod 4).
It is easy to get e(G 1 ) = 2k 2 + 2k = n 2 +4n
8 . See G g in Figure 4 for an example with n = 8. We define an edge-coloring 236 Y. Zhao
Remark 21. The upper bound in Theorem 20 is better than t(n, 3, 4) ≤ n 2 − n + 1, which is got in [9] .
Theorem 22. For an integer n ≥ 6, t(n, 3, 5) ≤ 2n − 3.
Proof. Let G be a graph with
It is easy to get e(G) = 2n − 3. Define an edge-coloring c: E(G) → {1, 2, 3, 4, 5} as follows
It is easy to show that c is a 5-rainbow coloring of G. Thus rx 3 (G) ≤ 5, it follows that t(n, 3, 5) ≤ 2n − 3.
Remark 23. The result in Theorem 22 is better than t(n, 3, 5) ≤ 2n − 2, which is got in [9] .
Theorem 24. For an integer n ≥ 7, t(n, 3, 6) ≤ 2n − 6.
Proof. We consider three cases. Case 1. n = 3t. Let G 1 be a graph by taking t − 2 vertex-disjoint cliques of order 4 and 5 vertex-disjoint K 2 , and identifying a vertex from each of them. That is, G 1 is a graph with
. It is easy to get e(G 1 ) = 2n − 7. Define an edge-coloring c 1 : E(G 1 ) → {1, 2, 3, 4, 5, 6} as follows 
More on the Minimum Size of Graphs with Given Rainbow Index 239
It is easy to show that c 1 is a 6-rainbow coloring of G 1 , thus rx 3 (G 1 ) ≤ 6.
Case 2. n = 3t + 1. Let G 2 be a graph with V (G 2 ) = v, v 1 , v 2 , . . . , v n−1 and E(G 2 ) = vv i , v j v j+1 , v j v j+2 , v k v k+1 for 1 ≤ i ≤ n − 1, j = 1 (mod 3), k = 2 (mod 3), 1 ≤ j, k ≤ 3(t − 2). It is easy to get e(G 2 ) = 2n − 8. Define an edge-coloring c 2 : E(G 2 ) → {1, 2, 3, 4, 5, 6} as follows: It is easy to show that c 2 is a 6-rainbow coloring of G 2 , thus rx 3 (G 2 ) ≤ 6. 
